Correlation criteria for Bell type inequalities and entanglement detection 
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We provide a novel criterion for identifying quantum correlation, which allows us to find con- 
nections between Bell type inequalities, entanglement detection, and correlation. We utilize the 
criterion to construct witness operators that can detect genuine multi-qubit entanglement with 
fewer local measurements. The connection between identifications of quantum correlation and Mer- 
min's inequality is discussed. Detection of genuine four-level tripartite entanglement with two local 
measurement settings is shown in the same manner. Further, through the criterion of quantum 
correlation, we derive a new Bell inequality for arbitrary high-dimensional bipartite systems, which 
requires fewer analyses of the measured outcomes. 

PACS numbers: 03.67.Mn,03.65.Ud 



Introduction. — Bell type inequalities Q, 0, 01 and 
entanglement witnesses (EW) [a 00 ne at the heart of 
entanglement verification for quantum information pro- 
cessing 9]. Recently, the stabilizer formalism has been 
utilized to derive Bell type inequalities 01 an d EW for 
multi-qubit systems 8]. It has been shown that detec- 
tions of genuine entanglement (GE) around several types 
of stabilizer states require only two local measurement 
settings, and it also has been found that the stabilizer 
witnesses are closely related to Mermin-type Bell inequal- 
ities However, connections between multilevel Bell 
type inequalities and EW are still not clear. Besides, 
there still lakes a general way to detect a genuine multi- 
level multipartite entanglement with fewer local measure- 
ments. 

In this work, we present a new type of criterion for 
identifying quantum correlation (QC), which is helpful 
for the investigation on the subjects mentioned above. 
Firstly, EW for detecting genuine multi-qubit entangled 
states are presented, including detection of entanglement 
for states close to ones with nonlocal stabilizing oper- 
ators, e.g., the four-qubit state Connections be- 
tween Mermin-type Bell inequalities and criteria of 
QC are discussed. Secondly, we generalize the utility of 
correlation criteria and propose the first EW for detect- 
ing GE around a four-level tripartite Greenberger-Hornc- 
Zeilinger (GHZ) state with two local measurement set- 
tings. Finally, through identifications of QC, we give a 
new Bell type inequality for arbitrary high-dimensional 
bipartite systems with fewer analyses of the measured 
outcomes. 

Criteria of QC and detection of GE for qubits. — We 
first illustrate the main notion of our strategy by pro- 
viding a EW to detect GE around a four-qubit GHZ 
state. According to our knowledge of the physical state 
which is represented in the eigenbasis of the Pauli matrix 
a z : | GHZ) = (|0000) z + |llll)J/\/2, where \kkkk) z = 
\k) l z ® \k) 2 z ® \k) 3 z ® \k) A 2 , we give four sets of cor- 



relators to describe the QC between a specific party and 
others: 

l 

C 0," =^(-l)^n=fe,V = 0), (I) 
fc=0 

1 

Ci,„ = ^(-l) fe+1 PK = fc,v = 3), (2) 

k=0 

where v = J^i=i i^n v i> u « denotes the outcome of a mea- 
surement performed on the n th particle for n = I,. .,4, 
and P(v n — k, J2i=i i^n v i ~ stands for a joint prob- 
ability for obtaining v n = k and Uj = to for m = 0, 1. If 
results of measurements reveal that Co, n Ci, n > 0, we are 
convinced that the outcomes of measurements performed 
on the n th particle are correlated with the ones performed 
on the rest |l2j |. Further, with a prior information about 
probabilities for outcomes of measurements of a GHZ 
state, Z^ghz: P(v nm = 0) + P(v nm = 2) = 1, where 
v nm = v n + v m ; n,m — 1, 4, and n ^ to, we construct 
following correlators to identify correlations between a 
specific group , which is composed of the n th party and 
the m th one, and another: 

l 

C , nm = ^(-l)'PK ra = 2fc,v' = 0), (3) 
fc=0 

1 

C 1>nm = ^(-l) H1 % m = 2fc,v' = 2), (4) 

fc=0 

where v' = Y,t=i ijkn^m v i- Jt 1S clear tnat Co.nmCi,™ > 
for a pure GHZ state, which indicates the subsystem 
composed of the n th and the m th parts are correlated 
with another [T^| . 

We consider the sets of correlators Co,„, C\, n , Co, mn , 
and C'l.mn as identifications of a four-qubit GHZ state 
under the the local measurement setting af 4 and take a 
combination of these correlators: = Xm=i(^0,n + 



2 



Ci,„) + 2 TO=2 (Co,im + Ci,im)j as one criterion of QC. 
Moreover, each correlator can be characterized by a for- 
mulation of Hermitian operators. For instance, Co,fc can 
be characterized by the operator = (Ok — Ife)0i0j0j 
for k,i,j,l — 1,...,4 and k ^ i =/= j =/= I, where 
p q = \p) q g (p\ for p = 0, 1 and q = 1, ...,4. Thus, we de- 
rive the correlator operator: = 8(6666 + 1111) - 1, 
from C^ z \ 

After introducing the first kind criterion involved 
6®, let us progress to present the second one for 
QC. One can acquire the prior information, X^ghz: 

ELo P(12t=i v n = 2m ) = 1j fr° m tne wavc func- 
tion of a four-qubit GHZ state which is represented in 
the eigenbasis of the Pauli matrix a x , i.e., |GHZ) = 
EL, 1j= i) 6[(m+n+i+ j)mod2, 0] \mnij) x /2^2. Thus, 
through X^ghz, we formulate four sets of criteria which 
correspond to the following projection operators for iden- 
tifying the correlations between the k th party and others: 

AS = (6 fe -i fc )(64o i +64jii+ii64 i +64 J iO,c r S = 

(ift - 6 fe )(iiijl/ + UOA + 64^6; + 6 t 3 h). Since the 
expectation values of operators, C^ x k and C[ x k , are all 
positive for a pure GHZ state, we ensure that there 
are correlations between outcomes under the measure- 
ment setting u® 4 . We combine the four sets of cor- 
relators and deduce the Hermitian operators: — 

Et=iEL=o#^S=tf 04 = mX 2 X 3 X,, where H is 
the Hadamard operator [j| and X m = a x for the m th 
party. Similarly, as for identifications of QC between 
each party and others, we find that the following opera- 
tors work as well as 6^: 0% ^ = 4Yi Y2Y3Y4 where Y m 
is the Pauli matrix a y ; and the set of operators which in- 
volve permutations of XXYY: C| n) = -AXiX 2 YzYi,..., 
Ci n) = -4^^X3X4. 

Then, we combine both kinds of criteria of QC as a 
identification of a four-qubit GHZ state and utilize the 
the witness operator: Wghz = rl — (c\C^ + C2C k ^), 
for k — 1, 8, to identify a state p as an genuinely en- 
tangled one which is close to a four-qubit GHZ state if 
it follows the condition: Tr[WGHzp] < 0. The values 
of r and C12 can be determined by the condition of a 
multi-qubit witness |8(: Wghz — 7Wghz p > where 7 
is some positive constant and Wghz p is the projector- 
based witness 0, and we have r = 7, c\ — 02 = 1, 
and 7 = 8. Moreover, when a state mixes with white 
noise, p = pl/16 + (1 - p) |GHZ) <GHZ|, it is iden- 
tified as an GE which is close to a GHZ state when 
p < 4/ll(« 0.363636). Through our knowledge of the 
A-qubit GHZ state and the same way presented above, 
one can formulate sets of correlators to identify correla- 
tions between a group composed of m parties and the rest 
(N — m) parts. From these criteria, we can construct the 
witness operator that detects states around a iV-qubit 
GHZ state [H|. 

Let us proceed to consider a scenario of entanglement 
detection which involves only the second kind criteria. 



For the absence of the first kind criterion to identify cor- 
relations between two groups, we find that the operator, 
W [ 2 l) = rl - (C[ n) + C [ y ] ) for k' ^ k, cannot satisfy 

W^^Wqhz p > 0. However, if we add more two terms 
to the operator, it will be the case. For instance, the EW, 

W 6 (II) = 4.51-X)Li ^fc H) ' can be used t0 detect GE ' and 
it tolerates mixing with white noise with p < 1/3. When 

a EW contains all of the operators, i.e., Wg = 41 — M 

where M = £| =i c£ n) , it 

gains a noise tolerance up to 
p < 1/2. It's noticeable that the operator M is equiva- 
lent to the Bell operator in Mermin-type Bell inequality. 
As for detections of GE, Mermin-type Bell inequalities 
involve only the second kind criterion for identifying QC. 
For many-qubit cases, the Bell operator in Mermin's in- 
equality also contains only the criteria for identifying the 
correlations between a specific party and others. 

Further, we can construct EW to detect states around 
stabilizing states through criteria of QC, including wit- 
nesses for cluster and graph states. If a state is described 
by stabilizing operators rather than the state vector, we 
also can derive criteria of QC from these locally measur- 
able operators. For example, Z3X4Z5 is one of the stabi- 
lizing operators of a five-qubit cluster state @ , and from 
which we can construct the following operators to spec- 
ify the QC between the 3 rd , the 4 th , and the 5 th qubits 
under the local measurements Z, X, and Z respectively: 

Co, k = {0k-ik)(0i0j+Uij),c[ tk = (i fc -6 fe )(6 i i i +ii6 J ) ! 

for i, j, k = 3, 4, 5, where Oi(j.k) and lj(j,jfe) have been pre- 
sented by the eigenstates of corresponding observables. 
Please note that Z3A4Z5 = C' ok + C[ k . For a pure five- 
qubit cluster state, the expectation values of C' k and 

C[ k are both greater than zero , then we know there 
are correlations embedded in this subsystem. By com- 
bining and utilizing these correlators which are derived 
from each stabilizing operator, we can achieve genuine 
entanglement detections [l5| . 

To show that the proposed scenario can be applied 
to detect entangled states around a specific state with 
nonlocal stabilizing operators, let us consider how to 
construct a witness operator for states around a four- 
qubit state f (4) [13, which is a superposition of the 
tensor product of two maximally entangled two-qubit 
states and a four-qubit GHZ state, = -±=(|0011) 2 + 

|1100) a - |(|0110) z + |1001), + |0101), + |1010),)). We 
formulate eight sets of criteria for identifying QC be- 
tween a specific party and others. The first type iden- 
tifications include the following four sets of correlators: 
C { z) m = 66ii - X m (dQU)X m , and d[% = 1100 - 
A m (ll66)A m , for m = 1, 4. Then, the second 
type criteria are formulated as: C^ k = {Q 2 n+i^2n+2 — 

Xk(02n+1^2n+2)X k )(02n®3^2n®4 + l2n©302n©4), and 
^ln,k = {^2n+l02n+2 — X k (i2n+l02n+2)X k )(02nml2n®4 + 

l2ne302n©4), where k = (2n + 1), (2n + 2) for n = 0, 1; 
and the symbol "©" behaves as the addition of mod- 
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ulo 4 when n = 1 and as an ordinary addition when 
n = is met. For invariance of the wave function pre- 
sented in the eigenbasis of a x (cr y ), in analogy, we can 
construct 8 sets of Hermitian operators, (Cq X ^\ c[ x ^'') 

and {C^^}\ c[ x £%}^), through the replacement of the in- 
dex z in above Hermitian operators by the index x (y) 
and constructing the operators in the eigenbasis of cr x (y)- 
The expectation values of the above operators are all pos- 
itive for the state ty^'. 

Then, we give the following witness operator to detect 
GE for states close to a *( 4 ) state: W^w = rl - {C^ x) + 



CM + where C« = Uf 4 E?=o (5 TL=i + 

/y/2, U z — 1, and r = 36.5 such that 



-2 Z 

» - y i i 

Wqhz — 30Wghz p > 0. Moreover, it tolerates mixing 
with white noise if p < 15/88(« 0.170455). With only 
three local measurement settings, the above condition for 
the tolerance of the noise is applicable to a real experi- 
ment jjj. 

Detection of GE for four-level tripartite system. — 
In order to show further utilities of the proposed sce- 
nario, we proceed to provide a witness to detect GE 
close to a four- level tripartite GHZ state: |GHZ4 X 3) — 

1 / 2 Td=o \ l )i,z ® I0 2 ,z ® I0 3 , 2 - First 01 all) b y a knowl- 
edge of the wave function represented in the eigenbasis: 
z for j — 1, 2, 3, we have 9 sets of correlators for iden- 
tifying QC between the m th party and others, and we 
derive the following operator from the n th set of corre- 
lators: Cml = J2k=o(k ~ Skn)mk p k q , for Tl = 1, 9; 
m iP:Q — 1)2,3, and m 7^ p 7^ q; where s kn = 0, ...,3; 
k 7^ s kn and s kn 7^ s k > n for k 7^ k'; and Cml 7^ C^ n , for 
11/n'. 

Secondly, from our knowledge to an alternative 
representation of a GHZ 4x3 state, |GHZ4 x3 
l/4£L, r=0 S[(k + I + r)mod 4, 0] \k) l f ® \l) 2f ® \r) 3 J , 
where \g)j f = 1/2 £ h=0 e^ l2hgv ^ 4 \h)j , we can deduce 
the following operator from the n th criteria of 9 sets 
correlators to identify QC between the m th party and 
others: C { Jl = ELo(^)® 3 (* " hn)mVklrF m , where 
F = l/2EL=o^ 2,lW4 \h)(g\, Vklr = E?,r=0*[(* + 1 + 
r)mod 4, 0]l p r q , and definitions of k, s kn , Tn, p, q, and n 
are same as the ones mentioned for 0., 



With the derived correlators, we provide the follow- 
ing EW to detect genuine four-level tri part ite entangle- 
ment for states close to a GHZ4 x3 state [lj]: Wge 



5HZ4 X 3 

34.131 - Y,tn=x ELi(C'™™ + Furthermore, when 

a state mixes with white noise, the EW, Wghz 4x3 , detects 
GE if p < 0.368. Thus, two local measurement settings 
are sufficient to detect genuine four-level tripartite en- 
tanglement around a GHZ4 x3 state. 

Bell type inequality for arbitrary high- dimensional bi- 
partite systems. — Our scenario for deriving Bell type in- 
equality starts with specifications of the criteria for QC. 



Then, we proceed to verify that any local theory can- 
not reproduce the correlations embedded in a entangled 
state. This approach is novel and opposite to the one 
which has been presented Q. 

First, to specify the QC embedded in the max- 
imally entangled state of two d-dimensional parts, 

\ipd) = l/V^En=0 l n )i,z ® l n )2,z) we represent the 
wave function in the following eigenbasis: \l) k ^ = 



i27rro(i+ni ,)/d I 



4 X) 



0, n. 



(i) 



1/4, n {2) = 1/2, and 



,(2) - 



— 1/4 correspond to four dif- 



ferent local measurements. From our knowledge of the 
four different representations of the state ipd, we give four 
sets of correlators of QC: 

Cl 12 ) = P( v [ 1} = (-m) mod d, v { 2 } = to) 



— P(v[ lS> = (1 — m)mod d, = to), (5) 



21) 



P(v^' = (d — m— l)mod d, v\ 
—P[vy = {— rn)mod d, — to), (6) 
C^ = P{v[ v) = (-m) mod d, v { 2 q) = to) 

-P(v[ q) = (d-m- l)mod d, v { 2 q) = to), (7) 

for to = 0, 1, d— 1 and q = 1,2. The superscripts, (ij), 

(i), and (j), indicate that the local measurements V-[ 

(i) 

and V 2 have been selected by the first party and the 
second one respectively. Thus, we take the summation of 

all Crri S, 



(1) 



(8) 



where = Em=o ^™ > as an identification of the 

state i\>d- 

For a pure state -0d) the correlator C m can be evalu- 



_ ated analytically and are given by C, 



(csc 2 (vr/4d) 



csc 2 (37r/4d))/2d 3 , where csc(h) is the cosecant of h. Since 
C*^ j) > for all m's with any finite value of d, we en- 
sure that there are correlations between outcomes of mea- 
surements performed on the state tpd under four differ- 
ent local measurement settings. Furthermore, we can 

(ii) 

evaluate the summation of all C m s, and then we have 
C d ^ d = 2(csc 2 (7r/4d) - csc 2 (37r/4d))/d 2 . One can find 
that Cd,iji d is an increasing function of d. For instance, if 
d = 3, one has C 3) ^ 3 ~ 2.87293. In the limit large d, we 
obtain, lim^^ C d ^ d = (16/3tt) 2 ~ 2.88202. 

We proceed to consider the maximum value of Cd for 
local hidden variable theories. The following derivation 
is based on deterministic local models which are spec- 
ified by fixing the outcome of all measurements. This 
consideration is general since any probabilistic model 
can be converted into a deterministic one |13| . Sub- 
stituting a fixed set, (v[ 1 \ v^, ) , into 
Cd turns into Cd,hBV — ^[(^i 1 ' + v^)mod d,0] — 
d[-(v[ 1} + 4 1} )mod d,l] + 6[(v{ 1] + 4 2) )m«d d,0] - 
S[{d{ 1] +4 2) )modd, 1] +S[(v{ 2 ] +4 2) )modd, Q]-8[- («| 2) + 
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^ 2) )mod d,l] + <5[-(^ 2) + v^)mod d,l] ~ 5[(i[ 2) + 

£>2 )modd, 0], where S[x, y] represent the Kronecker delta 
symbol. There are three non-vanishing terms at most 
among the four positive delta functions, and there exist 
four cases for it, for example, one is that if o ; [(v 1 1 ' ) + 
4 1} )modd,0] = 5[(v[ 1) + 4 2) )^od d,0] = S[(v[ 2) + 
v^)modd,0] = 1 is assigned, we obtain — and 

then deduce that 5[— (S^ + #2 )mod d,l] = . We also 
know that there must exist one non-vanishing negative 
delta function and three vanishing negative ones in the 
C(Z, lhv under the same condition. In the example, the 

case is <5[('5 1 2 ' ) + «2 ) m °d d, 0] = 1. With these facts, we 
conclude that Cd,LHV < 2. One can check other three 
cases for the four positive delta functions, and then they 
always result in the same bound. Thus, we realize that 
Cd,ip d > Cd,LHV and the QC are stronger than the ones 
predicted by the local hidden variable theories. 

A surprising feature of the new inequality is that the 
total number of joint probabilities required by each of the 
presented correlation functions C^' is only 2c?, which 
is much smaller than that in Ref. 0, which is about 
0(d 2 ). It implies that the proposed correlation functions 
only contain the dominant terms to identify correlations. 
Besides, the proposed scenario is robust against to noise. 
For instance, if the system is under the condition that 
p < 0.30604, the QC can be maintained for the limit of 
large d. 



Furthermore, although we haven't known yet wether 
Cd can be utilized to construct EW for detecting arbi- 
trary high-dimensional entanglements around a state ipd, 
as regards the cases have been analyzed, they work for 
entanglement detection. Take the case for d — 4 as an 
example, the EW, W^, 4 = 2.051 — C* 4 , where C4 is the 
operator which involves C4, can be used to detect en- 
tanglement for states around ^4, and it tolerates mixing 
with white noise if p < 0.2881 pf . 

Conclusion. — We have provided a novel and syncretic 
approach to derive a new Bell type inequality for ar- 
bitrary high-dimensional bipartite systems and to con- 
struct EW to detect GE around several types of entan- 
gled qubits with only a small effort for local measure- 
ments. The connection between Mermin-type Bell in- 
equalities and the criteria of QC is discussed. We also 
show its utility to detect GE around a four-level tripartite 
GHZ state with two local measurement settings, which 
help investigation on detections of genuine multilevel and 
multipartite entanglement in an efficient way. 
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